Introduction
Matroids constitute an important unifying structure in combinatorics, algorithmics, and combinatorial optimization. According to one of the many equivalent definitions, a matroid on a finite set of elements I is a collection B of subsets of I , called bases, which satisfy the following exchange property:
(EP) For all A, B ∈ B and i ∈ A \ B there exists j ∈ B \ A such that A \ {i} ∪ {j } ∈ B.
We say that the base A \ {i} ∪ {j } is obtained from the base A by an elementary exchange. It is well known that all the bases of a matroid have the same cardinality, which is called its rank.
The basis graph G = G(B) of a matroid B is the graph whose vertices are the bases of B and edges are the pairs A, B of bases differing by a single exchange (i.e., |A B| = 2, where the symmetric difference of two sets A and B is written and defined by A B = (A \ B) ∪ (B \ A)). It has been shown by Cunningham (unpublished), Holzmann, Norton, and Tobey [18] , and Maurer [19] that basis graphs faithfully represent their matroids, thus studying the basis graph amounts to studying the matroid itself (see [19] for some further references on basis graphs). Gelfand, Goresky, MacPherson, and Serganova [17] defined a basis matroid polyhedron as the convex hull of characteristic vectors of bases of a matroid. They showed that a convex hull of characteristic vectors of a collection A of equicardinal subsets of an n-element set is a basis matroid polytope if and only if its 1-skeleton is isomorphic to the basis graph of the family A.
In [19] , Maurer presented a characterization of graphs which are basis graphs of matroids and described basis graphs of several important classes of matroids, in particular, of binary matroids (see also [14] for a characterization of basis graphs of uniform matroids and [20] for investigation of properties of intervals of matroid basis graphs). From this characterization easily follows that all basis graphs are homotopically trivial, a property used several times in the theory of ordinary and oriented matroids; cf. [2, 3, 16] . From this result also follows that the 2-dimensional faces of a basis matroid polytope are equilateral triangles or squares; cf. [6] .
There are several important and interesting generalizations of the concept of matroid. Deltamatroids is one of them, and have been introduced independently by Bouchet [9] [10] [11] , Chandrasekaran and Kabadi [13] , and Dress and Havel [15] in essentially equivalent ways. Amatroid is a collection B of subsets of a finite set I , called bases, not necessarily equicardinal, satisfying the following symmetric exchange property:
(SEP) For A, B ∈ B and i ∈ A B, there exists j ∈ B A such that (A {i, j }) ∈ B.
It is immediately clear that the family of bases of a matroid is also a -matroid. In fact, matroids are precisely the -matroids for which all members of B have the same cardinality. A -matroid whose bases all have the same cardinality modulo 2 is called an even -matroid. If A, B are two bases of an even -matroid B and B = A {i, j } we say that B is obtained from A by an elementary exchange. Following the terminology for ordinary matroids, the basis graph G = G(B) of an even -matroid B is the graph whose vertices are the bases of B and edges are the pairs A, B of bases differing by a single exchange, i.e., A and B are adjacent if and only if |A B| = 2. Some properties of these graphs have been used and investigated by Wenzel [22, 23] .
For a subset I of I denote B I := {B I : B ∈ B} and say that B I is obtained by applying a twisting to B. Then B I is a -matroid. It can be easily shown that the evenmatroids B and B I have isomorphic basis graphs. Applying a twisting to a matroid we will always obtain an even -matroid, but only in some cases this will be a matroid (for example, if I = I, we will get the dual matroid).
It will be convenient to identify I with the set [n] = {1, 2, . . . , n}. Let I * = {1 * , 2 * , . . . , n * }. Bouchet defines a symmetric matroid as essentially a -matroid with bases extended to n elements by adding to B ∈ B all starred elements from I * which do not appear, unstarred, in B. Thus a symmetric matroid is a family B of subsets of cardinality n of the set I ∪ I * such that in every subset of B each element of I appears either unstarred or starred and if
For A, B ∈ B and i ∈ A B, there exists j ∈ B A such that (A {i, j, i * , j * }) ∈ B.
Many important properties associated with matroids (greedy algorithm, polyhedral description) extend to -matroids. Apart from well-known examples of matroids, several other discrete structures satisfy (SEP). For example, consider a skew-symmetric matrix M = (m ij : i, j ∈ I ) (i.e., M = (−M) T and all diagonal entries of M are zero) and define B by letting B ∈ B if and only if the principal submatrix (m ij : i, j ∈ B) is non-singular. Then B is an even -matroid [10] . Second, let G = (V , E) be a graph, and a subset of vertices B of G belongs to B if and only if there is a matching of G covering precisely the elements of B. The resulting collection B is an even -matroid [11, 13] . Another nice instance of an even -matroid is given in [4, 12] and arises by considering a graph G = (V , E) drawn on a compact surface S and its geometric dual G * = (F, E * ): e * ∈ E * is the unique edge of G * which cuts the edge e ∈ E. Let B consist of maximal by inclusion subsets B of E ∪ E * (e and e * cannot be simultaneously in B) such that the surface S is not disconnected by cutting it along the edges from B. Then B is an even -matroid. Finally notice that -matroids occupy an important place in the theory of Coxeter matroids (where one can find them under the name of "Lagrangian matroids") [5, 7, 8] .
In this note, we characterize the basis graphs of even -matroids, extending and refining Maurer's description of basis graphs of matroids. Our proof provides an alternative approach to Maurer's result: departing from a graph satisfying Maurer's conditions and performing a suitable twisting to the even -matroid obtained in our proof, we get a matroid.
Terminology and main results
In this section we establish our notation and formulate the principal results. All graphs G = (V , E) occurring here are finite, connected, and without loops or multiple edges. For brevity's sake, we use the notation x ∼ y if x, y are adjacent and x y otherwise. If x ∼ y, we denote the corresponding edge by xy. By a square x 1 x 2 x 3 x 4 we will mean an induced 4-cycle with x 1 x 3 and (u, v) between two vertices u and v of a graph G = (V , E) is the length of a shortest path between u and v. The set of all vertices w on shortest (u, v)-paths is the interval [u, v] . For convenience, we will use the short-hand (u, v) = [u, v] \ {u, v} to denote the "interior" of the interval between u and v.
The convex hull conv(A) of a set A is the smallest convex set containing A. An induced subgraph H of G is isometric if the distance between any pair of vertices in H is the same as that in G. It will be convenient to use the same notation and terminology for a subset of vertices and the subgraph induced by this subset; for example, [u, v] will also denote the subgraph induced by the interval between u and v.
The Cartesian product G = G 1 G 2 of two graphs G 1 and G 2 has the pairs (x 1 , x 2 ) as its vertices (with vertex x i from G i ) and an edge between two vertices x = (x 1 , x 2 ) and y = (y 1 , y 2 ) [19] established that a graph G is a matroid basis graph if and only if it satisfies (i) the interval condition (IC3), (ii) the neighborhood N(b) of some vertex b is the line graph of a bipartite graph, and (iii) in any levelling of G each octahedral 2-interval lies in one of three positions: (1) all in one level; (2) in two levels, three adjacent vertices in each; or (3) in three levels, a square in between, one vertex in the highest, and one vertex in the lowest, any other 2-interval lies as an induced subgraph of a 3-octahedron positioned as above. We will use another (apparently simpler) positioning condition, which, as we will show in Section 4, it is satisfied by half-cubes and all their isometric subgraphs:
(PC) For every vertex b and every square v 1 v 2 v 3 v 4 of G, the following equality holds:
We will call a square upward if it belongs to three consecutive levels, horizontal if it lies in one level, and vertical if two adjacent vertices are in one level and other two adjacent vertices are in the next level. An edge uv of G is horizontal if u and v lie in one level and upward otherwise. A k-wheel W k is the graph consisting of a k-cycle plus an additional vertex adjacent to all vertices The proof of Theorem 1 uses several auxiliary results given in Section 3 and is presented in Section 4. The central issue of this proof is to establish that (iii) implies (iv). We briefly outline the idea of the encoding employed in this proof. Let G = (V , E) be a graph satisfying (IC4) and (PC), such that for some vertex b, N(b) is the line graph of a graph Γ = (I, F ). To establish that G is an induced subgraph of a half-cube, we define the following mapping ϕ :
We show that ϕ is injective and that all sets ϕ(v) have even cardinality. Finally, we show that ϕ is an edge-preserving map from G to the half-cube We show that, if Γ is a bipartite graph with I = A ∪ B, then B ϕ B is a matroid of rank |B|, thus providing an alternative proof of Maurer's characterization. Our encoding scheme is different from that used by Maurer [19] , except the encoding of the vertices of N(b), where both schemes are essentially the same. Recall, he encodes the vertex b by B, a vertex x ∈ N(b) representing the edge ij of Γ with i ∈ B and j ∈ A is labelled by the set B \ {i} ∪ {j }. The encoding is inductively expanded to the whole graph using certain upward squares (among other things, in establishing that this labelling is well defined, it is necessary to show that it is independent of chosen squares); see [19] for all details. Notice also that for matroids, a result similar to the equivalence (i) ⇔ (iv) of Theorem 1 is given in Theorem 2.2 of [19] .
In Section 5, we establish the following decomposition result of basis graphs: In view of this result, we call a basis graph indecomposable if the neighborhoods of all its vertices induce connected graphs. Define the support of an even -matroid to be the elements of the ground set that actually appear in at least one base. In fact, our proof yields something a little stronger. Let B i (v) denote the set in B i represented by a vertex v of G, for i = 1 or 2. Then α and S have the property that B 2 (v) = α(B 1 (v)) S for every vertex v of G. In other words, unless the basis graphs are isomorphic to an induced subgraph of the 4-octahedron, every isomorphism between basis graphs (represented by the identifications of vertices of G(B 1 ) and G(B 2 ) with vertices of G) is induced by a bijection from one support to the other followed by a twisting.
In Section 6, we extend the characterization of Gelfand et al. [17] of basis matroid polyhedra to basis polyhedra of even -matroids. Let B ⊂ 2 [n] . H n induced by its vertices. Indeed, it is easy to show explicitly that the set E of all even subsets of {1, 2, . . . , n} generates a polyhedron having the half-cube
follows because any edge of Π 1 (E) with vertices in B must be an edge of Π 1 (B) also. As we will show below, the converse inclusion characterizes the even -matroids:
Theorem 2. If B is an even -matroid, then the graph Π 1 (B) coincides with the basis graph G(B). Conversely, if B ⊂ 2 [n] is a collection of sets of even cardinality and the graphs Π 1 (B) and G(B) coincide, then B is an even -matroid.

Auxiliary results
In this section, we establish some results that will be used throughout the proof of Theorem 1. Unless stated otherwise, G is always a graph fulfilling condition (iii) of Theorem 1. For properties (3.1) and (3.2) in case of matroid basis graphs see also [19] . The proofs of (3.3) and (3.4) become much shorter if one replace (IC4) by (IC3). Proof. We will show that 
In the second case, we could replace s 2 by u and have the case where u belongs to the square ts 1 zs 2 . 
Proof of Theorem 1
We commence by the proof of Theorem 1. , the second half of (IC4) follows. It remains to show that (A, B) contains two non-adjacent bases. By (SEP) one can find a base C ∈ (A, B), say C = {1, 2}. Applying (SEP) to the bases A, B and the elements 1, 2, we will get either two complementary bases C , C of cardinality 2 each (i.e., C ∩ C = ∅, C ∪ C = B) or the bases {1, i}, {2, i} for some i ∈ {3, 4}, say i = 3. Now, applying (SEP) to A and the element 4, one conclude that {j, 4} ∈ B for some j ∈ {1, 2, 3}. Obviously, this base and one of previously defined bases are complementary, establishing the first part of (IC4).
Using the induction and axiom (SEP), one can easily show that G(B) is an isometric subgraph of the half-cube 
To show that ϕ embeds the graph G = (V , E) as an induced subgraph of the half-cube 1 2 H n , it suffices to establish that ϕ is (1) (2) would follow that all sets ϕ(v), v ∈ V , have even cardinality. We start with some properties of the map ϕ and sets W a , a ∈ I ∪ I * . 
. It remains to consider the cases x 3 and d(x 1 , v 3 ) = d(x 3 , v 1 ) = k. Applying (PC) to the square S and each of the vertices x 1 , x 3 , we deduce that d(
. One can assume without loss of generality that ϕ(
Suppose by way of contradiction that 1 ∈ ϕ(v 2 ) and pick a vertex d(A, B) . Since G is an isometric subgraph of Using Theorem 1 and its proof, we obtain the following characterizations of basis graphs of ordinary matroids:
Proof. Pick a neighbor t ∈ [v, b] of v. Suppose i ∈ ϕ(t), otherwise is nothing to show. By the induction hypothesis there is a vertex w ∈ [t, b], w ∼ t, such that i / ∈ ϕ(w). Take an upward
Corollary 2. For a graph G = (V , E) the following conditions are equivalent: (i) G is a basis graph of a matroid; (ii) [19] G satisfies the interval condition (IC3), the positioning condition (PC), and the neighborhood of every vertex is a line graph of a bipartite graph; (iii) G is a basis graph of an even -matroid and the neighborhood of every vertex is a line graph of a bipartite graph.
Proof. The proof of (i) ⇒ (ii) is analogous to the proof of (i) ⇒ (ii) and (iii) of Theorem 1.
To establish that (ii) ⇒ (iii), notice that a graph G satisfying condition (ii) of Corollary 2 also satisfies condition (iii) of Theorem 1, thus G is a basis graph of an even -matroid. Maurer [19] conjectured that the condition on neighborhoods of vertices in his characterization is redundant. In support of this conjecture, he established [19, Corollary 3.3] that (IC3) and (PC) imply that every neighborhood N(b) is a line graph. In conjunction with our Theorem 1, this leads to the following result:
Corollary 3. Any graph G satisfying the interval condition (IC3) and the positioning condition (PC) is the basis graph of an even -matroid.
Notice that the analogy of Maurer's conjecture for even -matroids is false: in Section 7, we present two graphs satisfying (IC4) and (PC) in which the neighborhoods of several vertices are not line graphs. 
A ∪ B, hence C belongs to G i . Therefore both G 1 and G 2 satisfy condition (IC4), whence from Theorem 1 we infer that B 1 , B 2 are even -matroids and G 1 , G 2 are their basis graphs.
To prove that G = G 1 G 2 it suffices to show that for any two bases B 1 ∈ B 1 and B 2 ∈ B 2 , the set B 1 ∪ B 2 is a base of B ϕ . We proceed by induction on |B 1 | + |B 2 |. By (SEP) applied to B 1 , ∅ and B 2 , ∅ we conclude that there exist i, j ∈ B 1 and k, l ∈ B 2 such that B 1 := B 1 \ {i, j } ∈ B 1 and B 2 := B 2 \ {k, l} ∈ B 2 . By virtue of induction hypothesis, the sets 
is induced by a point-by-point correspondence α of the ground sets I 1 and I 2 . This bijection α maps the bases of B 1 to bases of B 2 (modulo twisting), and we are done.
If
If G contains a fifth vertex a, then obviously a b, thus one can take a at distance 2 from b. Since b and a are contained in a common square, N(b) is not a complete graph, a contradiction. Thus G = K 4 and B 1 = {∅, {1, 2}, {1, 3}, {1, 4}} and B 2 = {∅, {1, 2}, {2, 3}, {1, 3}}. (Every other even -matroid with K 4 as a basis graph can be obtained from one of these two by a twisting.) Finally, suppose 
Proof of Theorem 2
We start with the following characterization of even -matroids (for matroids, an equivalence similar to (i) ⇔ (iii) has been proven by A. Kelmans (unpublished); cf. [24] 
Proof of (ii) ⇒ (iii) of Theorem 1
Let G = (V , E) be a graph satisfying the conditions (IC4) and (PC). To establish that every N(v) (v ∈ V ) is a line graph provided it does not contain W 5 and W 6 as an induced subgraph, we will use the characterization of line graphs due to Beineke (cf. [1] Case F = that p a, x, y and q b, 
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